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lonization Energy and Radius of Atoms

PPOPDD®

clus (empirical)

Atomic radius (empirical)

lonization energy: 1st
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More Data

Average interparticle distance in solid matter
Alkali atoms H-Cs, Compared to RTFI, RMAX=390 pm

Rf(K) =2072 pm

15 Rbragg(K) =207 pm
¢ Ripm R ~20pm
g v groupl Rif (Na) =180.4 pm
© —e—group2 10 Révagg () =177 pm

e ) ~150pm
N group 13
5
05
@ 50
0
o 20 40 60 80 100 120

Z atomic number

1(Z = o) (eV)

0
1 2 3 4 5 6 7 []
groups of the periodic table (from alkali metals 1o noble atoms)

From Constantin, Snyder, Perdew and Burke, lonization Potentials in the limit of large atomic number J. Chem. Phys.
2010, Z~3000
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Janet Periodic table, Madelung rule (Aufbau Principle)

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 1 2

h The Janet Periodic Table

— www.webelements.com

This form illustrates the Madelung rule (Aufbau principle).

QUESTION: Is the Periodic Table (approximately) periodic in
some sense?

QUESTION: Does it become exactly periodic as Z — co?

Let us consider the filled group (column) in each block (color).
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3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 1 2
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The filled groups for £ =0,1,2,3 (s, p, d, f) (n; = # of £ levels-filled):

4 1
zpuban(p, — 9j) :g(j+£)(j+€+ 5)(j+£+ 1) — 20

rogen 2 ].
Z,voee () =§(ng +0)(ng+ 0+ 5)(ng +041)

Note then ny = 2j ~ 2(3Z/4)'/3 —{) as Z — oo. If £ = AZ'/3;
NADA (7Y — 9(20 4+ 1)ny ~ AN[6Y/3 — 2)] 1 Z%/3
NV (Z) a2 4N[(3/2) 1 — N 223,
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Atomic Model Q: Many-body Quantum

Hamiltonian of atom no. Z with N electrons

ANV Z 1
HZ(N) :Z (—2Ai—|xi|> + Z m

1<i<j<n !

N
acting on antisymmetric wave functions Hy = A L2(R3;C?). The
domain is H2. Ground state energy:

EF(N) = inf{(W, Hz(N)¥) : U € Hy, ||| =1}

Property 1: N +— E?(N) is non-increasing

Property 2 HVZ-Thm. (Hunziker- van Winter-Zhislin): If
E?(N) < E?(N — 1) < then Eg(N) is an eigenvalue (possibly
degenerate). The eigenfunction is the ground state.

Property 3 Zhislin's Thm.: N — E?(N) strictly decreasing for N < Z.
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Property 4 Lieb's Thm.: If Eg(N) < E?(N —1) then N < 2Z + 1.

Proof.
We will use the Hardy-inequality in 3 dimensions

—Ix|A = Alx| = = 2[x|V2AX[Z — [[A, x|, x|/

1
=2|x|1/? (—A — 4x_2) Ix|1/2 > 0.
Let W be a real normalized ground state Hz(N)¥ = Ez(N)¥. Then

Ez(N )H!><|1/2‘I’H2 (¥, [xa[Hz(N) )

> - Z+Z Pl b a2 o 2
zEz(N—l)lell/?\IfHQ

Thus 0> —NZ + (W, 3, BEEle) > vz vy —1). O
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Simple Lower Bound on The Energy

We can get a simple lower bound on the energy E?(N) by comparing

to Hydrogen.
N
1 V4
Hz(N) > ——A; - —
2l )—,.Z;< 5 )

. 2
The hydrogen energies are E, = —%% n=1,2,.... The degeneracy
is that level n contains angular momenta / = 0,...,n — 1. Hence the

total degeneracy is ZZ’;& 2(2¢ + 1) = 2n%. To get N electrons we use
k levels with

k
2 1
N=> 2n= Skl 5)(k+1).
n=1

The energy of hydrogen is therefore

k

122
E;Iydrogen(N) _ 2_2,72572 — k72 > —(3/2)1/322N1/3
n

n=1
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One-particle Density Matrix and Density

The 1-particle density matrix (1pdm): Trace class operator vg on
L2(R3;C?) = L?(R3 x {—,+}). Notation z = (x,0) € R® x {—,+}

V\P(Xvo-;}/a’r) = N/\I](X,U,ZZ,...7ZN)\II(y,T722,.. . 7ZN)dZ2""ZN

Tr~y = N. Fermionic property: 0 < g < 1.

Density: py(x) = >, yu(x,0;x,0). [ pw =
lonization Energy: Energy to remove m electrons from neutral atom

IZ(m) = EX(Z —m) - EX(Z) >0, 1$=131)

Radius to last m-th electron: R(Zg(m) defined by:

py =m
/x|2R?<m>
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Atomic Model HF: Hartree-Fock

Restrict to Slater determinants: ¢1,...,¢n € L2(R3 x {—,+})
orthonormal orbitals

U(zy,...,2y) = \/:;\T' det [¢i(z)]

The 1-pdm g is the projection onto span{¢1,...,¢n}. The density is

pu(x) =322, |9i(x, o).
Note up to a phase ¥ depends only on yy: If ¢,..., @), is another
orthonormal basis for Ranv. Then ¢; = Zj U,-jqﬁj- where Uis an N x N

unitary. Hence W(zy, ..., zy) = det(U)(N!)~1/2 det [¢}(z)]. We have

Dlrect term

EYF(7) = (W, Hz (N)W) =Tr [(— %A // 20

!X\

2
X,0;Y,
_//ZMW 3, 7)) iy
X =y

Exchange term
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Lieb’s variational Principle
We may relax the minimization
EF"(N)= inf €YF(y)= inf EF%(v)

7 projection 0<~<1
Try=N Try=N

Proof following Bach of second equality.
(">"is clear). "<": May restrict to finite rank v = Z,Ail Ailoi) (@i,
0< X <1, > ;A = N. Note that

Py (o (y) =D (o, )P =D Aghidj,  with Ay >0
o,T i<j

Aj =) (16i(x,0)Ioj(y, o) * + 1d5(x, o) Pl iy, o)

g, T

- (Z)i(xa U)d)j(xa U)¢j(Y> T)¢i(y> T) - ¢j(Xa U)d),‘(X, U)¢i(yv T)¢j(ya T))

If v not a projection at least two coefficients, say A1, A2 € (0,1).
5?F(’y()\1 +0,X2 —6)) = ¢+ b6 — ad? with a > 0. Hence the best is

to choose § largest or smallest. O
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Atomic model RHF: Reduced Hartree-Fock

We can look at the Reduced Hartree-Fock model where we ignore the
exchange term (not to be confused with restricted Hartree-Fock):

EBHF (1) = Ty [(——A—— // ””’X_y’ dxdy.

]
This is a convex functional of v. We define

ESUF(N) = inf E87(y)
Try=N

Note that N no longer needs to be an integer. Properties 1-4 for HF
and RHF:
° N E;E(N) is non-increasing. For RHF it is also convex.
® Minimizers exist for N < Z (Lieb-Simon (HF), Solovej (RHF)).
® Minimerzers do not exist for N > Z + const (Solovej). We will get
to that later.
I?(m), R?(m) defined as for Q model.
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Comparison Between Atomic Models

We have the following comparisons between the energies in our models
EZ(N) < EJ¥(N) < EZ"F (V)

The first inequality follows because HF is a restricted minimization
compared to Q, i.e., restricted to Slater determinants. The second
inequality is a consequence of Lieb's Variational Principle and the fact
that the exchange term lowers the energy.

It follows from the convexity of 8§HF that a minimizer v for the RHF
functional must have spherically symmetric density p.,.

The last term in EXHY is in fact, strictly convex in p,. We are not
claiming that the minimizer ~ is unique, but we are claiming that its
density is.

The densities for minimizers of @ and HF are not necessarily spherical.
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Variational Equation for RHF

If v minimizes Eg”HF(fy) with Tr~ = N then there exists a ;1 > 0 such
that

Tr [(Hz e + 7] = Tr[(HZ e + 1)-]
where the right side is the sum of the negative eigenvaleus of the mean
field operator

RHF __ 1A—£

-1
Z,mf__§ ‘X‘+p7*‘x‘

Proof.
Since N — EXHF(N) is convex we can find a 1 > 0 such that v
minimizes EXUF (4) 4 4 Tr~ without a restriction on the trace.
Let 7/ satisfy 0 </ < 1. Then

d

0 <~ (EZM((1 =)y +o7) + uTr (1= a)y + 7)),

=Tr[(HZm; + 1) (Y = 7))
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The Lieb-Thirring inequality and a-priori bounds

We will uses the Lieb-Thirring (LT) inequality
Tr[-A~v] > c/pg/g.

We recall that E?(N) > —CZ?*N'/3_ The same bound holds for HF
and RHF as we used hydrogen to get this bound and that has no
electron-electron interaction and therefore is the same for all these
models. As we would also have gotten this bound (with a different C)
with half the kinetic energy we conclude from the LT inequality that all
the densities satisfy

/(pQ)S/S’/(pHF)S/S’/(pRHF)S/S < C22N1/3 < C,Z7/3.

for stable atoms.
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Quantifying the Approximations

Let x» = (4a®7/3)"'1p, be the normalized characteristic function of a
ball of radius a. Let Wa(x) = xa * |x| ™' * xa(x) < |x|7!. Then
Wi(x) = |x| =t for |x| > 2a. Moreover, W, > 0 and W,(0) = ca—*.

Thus for all ﬁ
> Z Wia(

zg / / 37 80— x) Wal —y>26<y—xf>dxdy— S5 (0)
:% //(Zé(x—x,-)—ﬁ Zé = xi) = p(y))dxdy
+Zw*px, —// YIWa(x — y )dxdy—iNWa(O)

> Z Wa * ﬁ(X,‘) — § // dedy — Cl\/a_1
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We thus have a lower bound

N

HN(Z)zZ( A - » |—|—W>kpx,>—//| dxdy cNa~

i—1
We estimate
[ o) el = W e < [ /| PR~y
x—y|<2a
SHPH5/3H:5H5/3H’X’_ll\x\<23H5/4 < C37/5HPH5/3H/7H5/3

We conclude that

(W, Hz(N)) >Tr h\p(—%A = |XZ| Fae XY - ;// ded

— cNa~' = Cllpulls/sliplls/za™”
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We use this for p = p, and « being an RHF minimizer assuming it
exists. Using

pwlls/3: 1Bll5/3 < C(Z7/3)3/5 = €27/

we obtain
(0, Mz (M) 2T b (0] - ot 5 [ [ ””,X_y, dxdy
_ 72— 75 T/5
T [y (HEHE + )] - o — 5 [ [ 22 gy
!X—y!

. CZafl _ Czl4/5a7/5
>EBHF (y) - 7/

where we chose a = Z~3/*. Thus EJ(N) > EXIF(N) — CZ7/4. A
much more complicated argument proves an error O(Z%/3).
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Atomic Model TF: Thomas-Fermi

The next model we introduce is the Thomas-Fermi model that depends
only on the density. We arrive at it by replacing in the RHF functional
the kinetic energy Tt (—%A’y) by the semiclassical approximation

2(2m)” // prdpdx = 3(37T2)2/3/p(x)5/3dx
IpI<F(x) 2 10

where we chose
p(x) = 2(2%)_3/ ldp = (37%) 7 F(x)3.
\

Thus we define the Thomas-Fermi Energy Functional:

7 (p) = 157 [ oo [ ,XZ, X+ //, ddy
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ETY is convex and satisfies the scaling property: If
pz(x) = Z%p1(Z"/3x) then

E3F(pz) = 27 (p1)
We set as before

EFF(W) = int(e3 () + p20. [ =N,

We will see that a minimizer exists if and only if N < Z.
® N EXF(N) is strictly convex and decreasing for N < Z and
constant for N > Z. For N < Z the minimizer is unique.
o EJF(AZ) = ZTPEIT(N)
The minimizing p satisfies the scaling above and the Thomas-Fermi
equation:
1
S (3732 = B3 () — ]
where 1 > 0 and the Thomas-Fermi Mean-field potential is

4 _
O TR ACE SR
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lonization for TF

We cannot have a minimizer for N > Z: On the set where p > 0 we

have
O (x) > p>0

Thus
ST (x| = r) < r I(Z - / PIF (x)dx)

[x|<r

On the other hand the absolute minimum (4 = 0) must be for N = Z.
If we had N < Z and p = 0 we see that for large |x|

©7"(x) ~ (Z = N)[x[ ™,

but then p satisfying the TF equation cannot be integrable.
Hence N +— E}FF(N) is strictly decreasing and convex for N < Z and
constant for N > Z.
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The Neutral TF atom
For N = Z (i.e., ;1 = 0) we have since p * [x|™! < |x|7! [ p that
®T¥(x) > 0. Thus the Thomas-Fermi equation reads
1
OFF = L (37204 (p5F).

On the set x # 0 we get

_8v2

TF _ TF\3/2
Ad3 _A(<I>Z) , A 3

This equation has a solution ®1F(x) = B|x|~*. Note that such a
function is a fixed point for the scaling

o1 (x) = Z*3TF(Z'3x).
We have

dTF(x) ~ ®1F(x) as |x| = o0, and Zlgréo O (x) = 1 (x).



.(? UNIVERSITY OF COPENHAGEN  Large Atoms and Molecules Jan Philip Solovej  20-06-2024  26/38

Mean-Field Thomas-Fermi Model

We see that for the Thomas-Fermi model we have a limiting infinite
neutral atom

lim pof(x) = C hm (®TF)3/2 = D|x|~S.

Z—00 Z—00

We see no emerging periodicity in TF.

We may however consider a model somewhere between RHF and TF.
Namely the model that describes the neutral atom in terms of the
Mean-Field Thomas-Fermi Operator

1
Hz e = §A—‘I’§F(X)

We shall now see that this is actually a very good approximation to the
neutral atom.
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The Thomas-Fermi Mean-field Approximation

Using the exact same argument as when we approximated E? and
EXF but now choosing p = p" we find

- (v)
Z“ —3TF(x —// |X_ dxdy — CZ7/*.

While the upper bound Eg(N) < ERHE(N) was simple. The
corresponding bound for the Mean-Field TF is not and is beyond the
scope of these lecture notes. We will simply state here:

If ¥ is a neutral atomic ground state then

(U, Hz(2)¥ )<Tr[——A oL (x // |X_ )dxdy+CZ5/3

TF
HZ mf

Understanding this is related to calculating the trace as a semiclassical
approximation. We will do that next, but not give all the details.
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The Semiclassical Approximation

We consider the TF Mean-Field operator

1 1
HIE e = =—5A- dTF(x) = —5A - ZA30TF (713x).
If we rescale x — Z_1/3x, i.e., perform the unitary transform
(Uzf)(x) = Z'/2£(Z'3x) we see that HLT _is unitarily equivialent to
the operator

1 1
UZHZ iUz = —5 2P A= Z1P50TT (x) = 212 <—2—2/32A - q)"{F>

We recognize a semiclassical operator with h = Z~1/3

—z2BIA T LA gTr
2 2
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We have the following semiclassical approximation with a Weyl term
and a Scott correction.

Tr[—%hQA—élTF] 2(2mh)~ // —p? — ®TF( ))_dpdx—i—%h_?
+o(h
25/2 5/2 2
= 15ﬂ2h3/(<p F(x))P2dx + - h +o(h™?).
We conclude that
95/2

Tr [HEE - 2715 [(@fF ()" 2 + 522+ o(22)

1572
To prove the upper bound above one needs to show this with an error
O(Z5/3) and that a semiclassical approximation of the projection onto
the negative eigenvalues of HTF i @ good trial v for RHF.
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The Energy Approximation

If we insert the expression for ®1F in terms of the density from the
Thomas-Fermi Equation we end up with the energy approximation

EX(Z) = ZTPET (1) + Lz +0(Z?).
NN
N2 s
The leading term was proved by Lieb-Simon and the Scott correction
was originally established rigorously by Siedentop-Weikard, and Hughes
(lower bound). A much more involved (approximately 1000 pages) by

Fefferman-Seco that involves understanding the exchange term (see
also Bach and Graf-Solovej) gives

1
EX(Z)=Z"PEM™ (1) + 522 + CpsZ°3 + o(2°/3).

DS=Dirac-Schwinger who contributed to the less rigorous analysis of
this term.
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Summary of models

* Model Q: EZ(N) = infy (g1 (¥, Hz(N)T)

N

HZ(N):Z(—%A;—Z|X,-|_1)+ 3 -l

i=1 1<i<j<N

e Model HF: EX¥(N) = infocy<t, Trren EFF (7).
EFN () =EFM(7) — Ex(7)

e Model RHF: EFHF(N) = infoc<;. Tm_NERHF(v)

EBHF (1) = Tr[(——A Z|x|™) // PN W) g,

® Model TF: EZ¥(N) = infoc, f,-nEZ" ()

3 _ 1 X
47 (0) = g art 2 [ [ 2oy [ A0 oy
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o Model TFMF (N = 2):
Z

1
ETFMF: inf i —*A‘—(I)TF )T
A RS () )

- = // dxdy
!X - y!
Summary of Results:

e For # = Q, HF, RHF, TF we have that N +— E;E(N) is decreasing
and constant for N > N7 (Z) and NZ'(Z) < 27 + 1.

e For # =HF, RHF, N¥(Z) < Z+const. NI¥(Z) = Z.

® For # =RHF,TF, N — E?(N) is strictly convex for N < N.(Z).

o EJUN(N) - cZ7/" < EF(N) < EXF(N) < EFHF(N)

o EXZ)=Z"BEIF(1) + 127 + Cps 29/ 4 o(29/3)

* E(2) = EJ 4 0(22)

V4
1
Z)zz(—5 —oTF(x —// ‘X_y‘ dxdy cz™4
i=1
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Periodicity and Universality Results

We will next discuss results concerning periodicity and universality.

Result 1: Fermi’s Aufbau formula (this lecture): Let U, be a
neutral Q ground state for atom Z and Py is the projection onto
angular momentum ¢ in L?(R3; C?). Consider the occupation

N¢(Z) = Tr (Peyw,). (Need not be an integer and may depend on V.)
We get Fermi’s Formula for almost all A > 0

o Ne(Z) AN [0 2,-211/2 . _
hzni)gf 25 = 77/0 2077 (r) — X°r =]}/ "dr := 4Ak(N).
1=[\Z'/3]

Result 2: The radius of atoms in RHF (and HF) (next lecture) As
m — 00

oo RYF (m) = Ty o REF (m) = RIF (1)m /% 1 o(m1/%)
Note we need to take lim inf = lim and lim sup = lim as we do not
expect convergence but periodicity.

Result 3: Periodicity in the TFMF model (August lecture Friday)



.‘? UNIVERSITY OF COPENHAGEN  Large Atoms and Molecules Jan Philip Solovej  20-06-2024  34/38

Fermi's Aufbau Formula

Before discussing the proof of Fermi's Formula

e Ne(Z) AN [0 2 —21/2
hzni>102f 23 = 77/0 2077 (r) = X r 7]}/ "dr := 4Ak().
=[AZ'/3]

We note that it is different from what we would get from the Aufbau
principle or from hydrogen:

NP (Z2)Z 7203 0 AN[61/° — 224
NN (Z) 77213 5 AN[(3/2)Y3 — ]
All three asymptotic formulas satisfy
/ I\ dA =1,
0

/ AN[6'/3 — 2X] 4 dX = 1, / AN[(3/2)Y3 = N pdr =1
0 0

as they should.
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Proof of Fermi's Aufbau Formula

This is still unpublished joint work with August Bjerg, Sgren Fournais,
and Peter Hearnshaw. We begin with the bound

Ty, (5 A — )] < Tr[- JA — $3)] 4 o(2)

Using the spherical symmetry we may write

1 > 1
Tr [sz(—§A — ;")) = Z Tr [Pryy, Pz(—iA — 5"
/=0

and likewise

1
Tr[-5A —®TH)_ ZTr Py(—=A — ®5F))_

Thus for each £ =0,1,...

1 1
Tr [Peyy, Po(=5A = @75)] < Tr[Pe(—5A = @77 + 0(Z7)
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The operator Py(—3A — ®TF) acting on the space P,L?(R?; C?) is
unitarily equivalent to the operator

1 d? 00 +1

S 2dr? 2r2
acting on L?(R;;C% ® C?*1). This is in turn unitarily equivalent to

1 d? L+1)
4/3 | _ »-2/3- 4%  FTF
z z 2 dr? 1 272/3r2

We now use that £(¢ + 1)Z~2/3 ~ X2 and we are left with analyzing
the operator
1 d? A2
—2/32 9 HTF | A
2 dr? Lt 2r2°
Note this is again a semiclasical problem with h = Z
dimension. The Weyl law gives

hyz=-2

~1/3 now in 1

Trlhyz]- = —2(2£+1)3i /Ooo[QtplTF(r)—/\QrZ]i/gdr(h1—|—o(h1)).

s
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We conclude that

—%A—@EF)_] __rept / 28TF (1) A2 2dr o(2?).
0

Tr [P,
1 [Py( .

We do not really care about this value only that it is of order Z2.
We can also determine the number of negative eigenvalues of h) z:

Tr (L, o] =220+ 17 [ ROI ()~ N2 2dr(h ! 4+ o)

™ Jo

1 o0

_t / 28T (r) — 22 2dr (22 4 o(22/3)).
T Jo

This however does not allow us to show that Ny(Z) = Tr [Pyyg] is

close to this number. But it does allow us to conclude that it cannot

be much smaller. Since if it was much smaller we would not get the

energy to correct Z2 order. l.e., we find the lower bound

1 o0
Ny(Z)Z7 = Tr [Ppyy|Z72/3 > 4)\/ [2<1>1TF(r)—AQr—Q]i/erJroa).
™ Jo
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To conclude the proof of Fermi's Formula we observe that
Y 2o Ne(Z) = Z. Thus by Fatou
o0

1= 11212ng Z7INy(2) > /lizrri>ic>réfz_2/3Ng:/\Z1/3(Z)d)\,
=0

and that finishes the proof when we recall that

/ ANE(N)dA = 1.
0

Historical remark: Fermi derived this formula in a paper published as
part 2 of a 4 paper series in 1927. Paper 1 of the series is where he
introduced the Thomas-Fermi model. Fermi also calculated k()
numerically and realized that it did not quite agree with the periodic
table of the elements.

Interestingly there is another potential (IJE introduced by Tietz that
does reproduce the asymptotic Aufbau formula in the semiclassical limit.
This is often referred to in the chemistry literature as the theoretical
explanation of the Madelung rule. This of course does not make much
sense as we have just proved that the Madelung rule fails in this limit.
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