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Periodic Table of the Elements

Dmitry Mendeleev (1834-1907)
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Ionization Energy and Radius of Atoms
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More Data

From Constantin, Snyder, Perdew and Burke, Ionization Potentials in the limit of large atomic number J. Chem. Phys.
2010, Z≈3000
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Janet Periodic table, Madelung rule (Aufbau Principle)

This form illustrates the Madelung rule (Aufbau principle).

QUESTION: Is the Periodic Table (approximately) periodic in
some sense?

QUESTION: Does it become exactly periodic as Z → ∞?

Let us consider the filled group (column) in each block (color).
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The filled groups for ` = 0, 1, 2, 3 (s, p, d , f ) (n` = # of ` levels-filled):

ZAufbau
` (n` = 2j) =4

3
(j + `)(j + `+

1

2
)(j + `+ 1)− 2`2

ZHydrogen
` (n`) =

2

3
(n` + `)(n` + `+

1

2
)(n` + `+ 1)

Note then n` = 2j ≈ 2(3Z/4)1/3 − `) as Z → ∞. If ` ≈ λZ1/3:

NAufbau
` (Z) = 2(2`+ 1)n` ≈ 4λ[61/3 − 2λ]+Z2/3

NHydrogen
` (Z) ≈ 4λ[(3/2)1/3 − λ]+Z2/3.
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Atomic Model Q: Many-body Quantum
Hamiltonian of atom no. Z with N electrons

HZ (N) =

N∑
i=1

(
−1

2
∆i −

Z
|xi |

)
+

∑
1≤i<j≤N

1

|xi − xj |

acting on antisymmetric wave functions HN =
N∧

L2(R3;C2). The
domain is H2. Ground state energy:

EQ
Z (N) = inf{〈Ψ,HZ (N)Ψ〉 : Ψ ∈ HN , ‖Ψ‖ = 1}

Property 1: N 7→ EQ
Z (N) is non-increasing

Property 2 HVZ-Thm. (Hunziker- van Winter-Zhislin): If
EQ

Z (N) < EQ
Z (N − 1) < then EQ

Z (N) is an eigenvalue (possibly
degenerate). The eigenfunction is the ground state.

Property 3 Zhislin’s Thm.: N 7→ EQ
Z (N) strictly decreasing for N ≤ Z .
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Property 4 Lieb’s Thm.: If EQ
Z (N) < EQ

Z (N − 1) then N < 2Z + 1.

Proof.
We will use the Hardy-inequality in 3 dimensions

−|x |∆−∆|x | =− 2|x |1/2∆|x |1/2 − [[∆, |x |1/2], |x |1/2]

=2|x |1/2
(
−∆− 1

4
|x |−2

)
|x |1/2 ≥ 0.

Let Ψ be a real normalized ground state HZ (N)Ψ = EZ (N)Ψ. Then

EZ (N)‖|x1|1/2Ψ‖2 = 〈Ψ, |x1|HZ (N)Ψ〉

≥ − Z +

N∑
i=2

〈Ψ,
|x1|

|xi − x1|
Ψ〉+ 〈|x1|1/2Ψ,HZ (N − 1)|x1|1/2Ψ〉︸ ︷︷ ︸

≥EZ (N−1)‖|x1|1/2Ψ‖2

Thus 0 > −NZ +
〈
Ψ,

∑
i<j

|xi |+|xj |
|xi−xj | Ψ

〉
≥ −NZ + 1

2N(N − 1).
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Simple Lower Bound on The Energy
We can get a simple lower bound on the energy EQ

Z (N) by comparing
to Hydrogen.

HZ (N) ≥
N∑

i=1

(
−1

2
∆i −

Z
|xi |

)
The hydrogen energies are En = −1

2
Z2

n2 n = 1, 2, . . .. The degeneracy
is that level n contains angular momenta l = 0, . . . , n − 1. Hence the
total degeneracy is

∑n−1
`=0 2(2`+ 1) = 2n2. To get N electrons we use

k levels with

N =
k∑

n=1

2n2 =
2

3
k(k +

1

2
)(k + 1).

The energy of hydrogen is therefore

EHydrogen
Z (N) =

k∑
n=1

−2n2 1

2

Z2

n2
= −kZ2 ≥ −(3/2)1/3Z2N1/3

Note n` =
∑k

n=`+1 1 = k − ` ≈ (3Z/2)1/3 − `.
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One-particle Density Matrix and Density
The 1-particle density matrix (1pdm): Trace class operator γΨ on
L2(R3;C2) = L2(R3 × {−,+}). Notation z = (x , σ) ∈ R3 × {−,+}

γΨ(x , σ; y , τ) = N
∫

Ψ(x , σ, z2, . . . , zN)Ψ(y , τ, z2, . . . , zN)dz2. · · · zN

Tr γΨ = N. Fermionic property: 0 ≤ γΨ ≤ 1.
Density: ρΨ(x) =

∑
σ γΨ(x , σ; x , σ).

∫
ρΨ = N

Ionization Energy: Energy to remove m electrons from neutral atom

IQ
Z (m) = EQ

Z (Z − m)− EQ
Z (Z) > 0, IQ

Z = IQ
Z (1)

Radius to last m-th electron: RQ
Z (m) defined by:∫

|x |≥RQ
Z (m)

ρΨ = m
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Atomic Model HF: Hartree-Fock
Restrict to Slater determinants: φ1, . . . , φN ∈ L2(R3 × {−,+})
orthonormal orbitals

Ψ(z1, . . . , zN) =
1√
N!

det [φi(zj)]

The 1-pdm γΨ is the projection onto span{φ1, . . . , φN}. The density is
ρΨ(x) =

∑
i
∑

σ |φi(x , σ)|2.
Note up to a phase Ψ depends only on γΨ: If φ′

1, . . . , φ
′
N is another

orthonormal basis for Ranγ. Then φi =
∑

j Uijφ
′
j where U is an N × N

unitary. Hence Ψ(z1, . . . , zN) = det(U)(N!)−1/2 det [φ′
i(zj)]. We have

EHF
Z (γ) = 〈Ψ,HZ (N)Ψ〉 =Tr

[(
− 1

2
∆− Z

|x |
)
γ
]
+

Direct term︷ ︸︸ ︷
1

2

∫∫
ργ(x)ργ(y)
|x − y | dxdy

− 1

2

∫∫ ∑
σ,τ |γ(x , σ; y , τ)|2

|x − y | dxdy︸ ︷︷ ︸
Exchange term
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Lieb’s variational Principle
We may relax the minimization

EHF
Z (N) = inf

γ projection
Tr γ=N

EHF
Z (γ) = inf

0≤γ≤1
Tr γ=N

EHF
Z (γ)

Proof following Bach of second equality.
(”≥” is clear). ”≤ ": May restrict to finite rank γ =

∑M
i=1 λi |φi〉〈φi |,

0 ≤ λi ≤ 1,
∑

i λi = N. Note that

ργ(x)ργ(y)−
∑
σ,τ

|γ(x , σ; y , τ)|2 =
∑
i<j

Aijλiλj , with Aij ≥ 0

Aij =
∑
σ,τ

(|φi(x , σ)|2|φj(y , σ)|2 + |φj(x , σ)|2|φi(y , σ)|2

− φi(x , σ)φj(x , σ)φj(y , τ)φi(y , τ)− φj(x , σ)φi(x , σ)φi(y , τ)φj(y , τ)).

If γ not a projection at least two coefficients, say λ1, λ2 ∈ (0, 1).
EHF

Z (γ(λ1 + δ, λ2 − δ)) = c + bδ − aδ2 with a > 0. Hence the best is
to choose δ largest or smallest.
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Atomic model RHF: Reduced Hartree-Fock
We can look at the Reduced Hartree-Fock model where we ignore the
exchange term (not to be confused with restricted Hartree-Fock):

ERHF
Z (γ) = Tr

[(
− 1

2
∆− Z

|x |
)
γ
]
+

1

2

∫∫
ργ(x)ργ(y)
|x − y | dxdy .

This is a convex functional of γ. We define

ERHF
Z (N) = inf

0≤γ≤1
Tr γ=N

ERHF
Z (γ)

Note that N no longer needs to be an integer. Properties 1–4 for HF
and RHF:
• N 7→ E#

Z (N) is non-increasing. For RHF it is also convex.
• Minimizers exist for N ≤ Z (Lieb-Simon (HF), Solovej (RHF)).
• Minimerzers do not exist for N > Z + const (Solovej). We will get

to that later.
I#
Z (m),R#

Z (m) defined as for Q model.
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Comparison Between Atomic Models
We have the following comparisons between the energies in our models

EQ
Z (N) ≤ EHF

Z (N) ≤ ERHF
Z (N)

The first inequality follows because HF is a restricted minimization
compared to Q, i.e., restricted to Slater determinants. The second
inequality is a consequence of Lieb’s Variational Principle and the fact
that the exchange term lowers the energy.

It follows from the convexity of ERHF
Z that a minimizer γ for the RHF

functional must have spherically symmetric density ργ .

The last term in ERHF
Z is in fact, strictly convex in ργ . We are not

claiming that the minimizer γ is unique, but we are claiming that its
density is.

The densities for minimizers of Q and HF are not necessarily spherical.
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Variational Equation for RHF
If γ minimizes ERHF

Z (γ) with Tr γ = N then there exists a µ ≥ 0 such
that

Tr [(HRHF
Z ,mf + µ)γ] = Tr [(HRHF

Z ,mf + µ)−]

where the right side is the sum of the negative eigenvaleus of the mean
field operator

HRHF
Z ,mf = −1

2
∆− Z

|x | + ργ ∗ |x |−1

Proof.
Since N → ERHF

Z (N) is convex we can find a µ ≥ 0 such that γ
minimizes ERHF

Z (γ) + µTr γ without a restriction on the trace.
Let γ′ satisfy 0 ≤ γ′ ≤ 1. Then

0 ≤ d
dα

(
ERHF

Z ((1− α)γ + αγ′) + µTr ((1− α)γ + αγ′)
)
|α=0

=Tr [(HRHF
Z ,mf + µ)(γ′ − γ)].
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The Lieb-Thirring inequality and a-priori bounds
We will uses the Lieb-Thirring (LT) inequality

Tr [−∆γ] ≥ c
∫

ρ5/3γ .

We recall that EQ
Z (N) ≥ −CZ2N1/3. The same bound holds for HF

and RHF as we used hydrogen to get this bound and that has no
electron-electron interaction and therefore is the same for all these
models. As we would also have gotten this bound (with a different C)
with half the kinetic energy we conclude from the LT inequality that all
the densities satisfy∫

(ρQ)5/3,

∫
(ρHF)5/3,

∫
(ρRHF)5/3 ≤ CZ2N1/3 ≤ C ′Z7/3.

for stable atoms.
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Quantifying the Approximations
Let χa = (4a3π/3)−1

1Ba be the normalized characteristic function of a
ball of radius a. Let Wa(x) = χa ∗ |x |−1 ∗ χa(x) ≤ |x |−1. Then
Wa(x) = |x |−1 for |x | > 2a. Moreover, Ŵa ≥ 0 and Wa(0) = ca−1.
Thus for all ρ̃∑
1≤i<j≤N

1

|xi − xj |
≥

∑
i<j

Wa(xi − xj)

=
1

2

∫∫ ∑
i

δ(x − xi)Wa(x − y)
∑

j
δ(y − xi)dxdy − 1

2
NWa(0)

=
1

2

∫∫
(
∑

i
δ(x − xi)− ρ̃(x))Wa(x − y)(

∑
j

δ(y − xi)− ρ̃(y))dxdy

+
∑

i
Wa ∗ ρ̃(xi)−

1

2

∫∫
ρ̃(x)ρ̃(y)wa(x − y)dxdy − 1

2
NWa(0)

≥
∑

i
Wa ∗ ρ̃(xi)−

1

2

∫∫
ρ̃(x)ρ̃(y)
|x − y | dxdy − cNa−1
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We thus have a lower bound

HN(Z) ≥
N∑

i=1

(
−1

2
∆− Z

|xi |
+ Wa ∗ ρ̃(xi)

)
−1

2

∫∫
ρ̃(x)ρ̃(y)
|x − y | dxdy−cNa−1

We estimate∫
ρ(x)(ρ̃ ∗ |x |−1 − Wa ∗ ρ̃(x))dx ≤

∫∫
|x−y |<2a

ρ(x)ρ̃(y)|x − y |−1dxdy

≤‖ρ‖5/3‖ρ̃‖5/3‖|x |−1
1|x |<2a‖5/4 ≤ Ca7/5‖ρ‖5/3‖ρ̃‖5/3

We conclude that

〈Ψ,HZ (N)Ψ〉 ≥Tr [γΨ(−
1

2
∆− Z

|x | + ρ̃ ∗ |x |−1)]− 1

2

∫∫
ρ̃(x)ρ̃(y)
|x − y | dxdy

− cNa−1 − C‖ρΨ‖5/3‖ρ̃‖5/3a7/5.
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We use this for ρ̃ = ργ and γ being an RHF minimizer assuming it
exists. Using

‖ρΨ‖5/3, ‖ρ̃‖5/3 ≤ C(Z7/3)3/5 = CZ7/5

we obtain

〈Ψ,HZ (N)Ψ〉 ≥Tr [γΨ(HRHF
Z ,mf + µ)]− µN − 1

2

∫∫
ργ(x)ργ(y)
|x − y | dxdy

− cZa−1 − CZ14/5a7/5

≥Tr [γ(HRHF
Z ,mf + µ)]− µN − 1

2

∫∫
ργ(x)ργ(y)
|x − y | dxdy

− cZa−1 − CZ14/5a7/5

≥ERHF
Z (γ)− CZ7/4

where we chose a = Z−3/4. Thus EQ
Z (N) ≥ ERHF

Z (N)− CZ7/4. A
much more complicated argument proves an error O(Z5/3).
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Atomic Model TF: Thomas-Fermi
The next model we introduce is the Thomas-Fermi model that depends
only on the density. We arrive at it by replacing in the RHF functional
the kinetic energy Tr (−1

2∆γ) by the semiclassical approximation

2(2π)−3

∫∫
|p|≤F(x)

1

2
p2dpdx =

3

10
(3π2)2/3

∫
ρ(x)5/3dx

where we chose

ρ(x) = 2(2π)−3

∫
|p|≤F(x)

1dp = (3π2)−1F (x)3.

Thus we define the Thomas-Fermi Energy Functional:

ETF
Z (ρ) =

3

10
(3π2)2/3

∫
ρ(x)5/3dx−

∫ Z
|x |ρ(x)dx+1

2

∫∫
ρ(x)ρ(y)
|x − y | dxdy

U N I V E R S I T Y O F C O P E N H A G E N Large Atoms and Molecules Jan Philip Solovej 20–06–2024 22/38U N I V E R S I T Y O F C O P E N H A G E N Large Atoms and Molecules Jan Philip Solovej 20–06–2024 22/38



ETF
Z is convex and satisfies the scaling property: If

ρZ (x) = Z2ρ1(Z1/3x) then
ETF

Z (ρZ ) = Z7/3ETF
1 (ρ1)

We set as before

ETF
Z (N) = inf{ETF

Z (ρ) : ρ ≥ 0,

∫
ρ = N}.

We will see that a minimizer exists if and only if N ≤ Z .
• N 7→ ETF

Z (N) is strictly convex and decreasing for N ≤ Z and
constant for N ≥ Z . For N ≤ Z the minimizer is unique.

• ETF
Z (λZ) = Z7/3ETF

1 (λ)

The minimizing ρ satisfies the scaling above and the Thomas-Fermi
equation:

1

2
(3π2)2/3ρ2/3 = [ΦTF

Z (x)− µ]+

where µ ≥ 0 and the Thomas-Fermi Mean-field potential is

ΦTF
Z (x) = Z

|x | − ρ ∗ |x |−1, ΦTF
Z (x) = Z4/3ΦTF

1 (Z1/3x).
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Ionization for TF
We cannot have a minimizer for N > Z : On the set where ρ ≥ 0 we
have

ΦTF
Z (x) ≥ µ ≥ 0

Thus
ΦTF

Z (|x | = r) ≤ r−1(Z −
∫
|x |≤r

ρTF
Z (x)dx)

On the other hand the absolute minimum (µ = 0) must be for N = Z .
If we had N < Z and µ = 0 we see that for large |x |

ΦTF
Z (x) ∼ (Z − N)|x |−1,

but then ρ satisfying the TF equation cannot be integrable.
Hence N 7→ ETF

Z (N) is strictly decreasing and convex for N ≤ Z and
constant for N > Z .
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The Neutral TF atom
For N = Z (i.e., µ = 0) we have since ρ ∗ |x |−1 ≤ |x |−1

∫
ρ that

ΦTF
Z (x) ≥ 0. Thus the Thomas-Fermi equation reads

ΦTF
Z =

1

2
(3π2)2/3(ρTF

Z )2/3.

On the set x 6= 0 we get

∆ΦTF
Z = A

(
ΦTF

Z
)3/2

, A =
8
√
2

3π

This equation has a solution ΦTF
∞ (x) = B|x |−4. Note that such a

function is a fixed point for the scaling

ΦTF
∞ (x) = Z4/3ΦTF

∞ (Z1/3x).

We have

ΦTF
Z (x) ∼ ΦTF

∞ (x) as |x | → ∞, and lim
Z→∞

ΦTF
Z (x) = ΦTF

∞ (x).

U N I V E R S I T Y O F C O P E N H A G E N Large Atoms and Molecules Jan Philip Solovej 20–06–2024 25/38U N I V E R S I T Y O F C O P E N H A G E N Large Atoms and Molecules Jan Philip Solovej 20–06–2024 25/38



Mean-Field Thomas-Fermi Model
We see that for the Thomas-Fermi model we have a limiting infinite
neutral atom

lim
Z→∞

ρTF
Z (x) = C lim

Z→∞
(ΦTF

Z )3/2 = D|x |−6.

We see no emerging periodicity in TF.

We may however consider a model somewhere between RHF and TF.
Namely the model that describes the neutral atom in terms of the
Mean-Field Thomas-Fermi Operator

HTF
Z ,mf = −1

2
∆− ΦTF

Z (x)

We shall now see that this is actually a very good approximation to the
neutral atom.
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The Thomas-Fermi Mean-field Approximation
Using the exact same argument as when we approximated EQ

Z and
ERHF

Z , but now choosing ρ̃ = ρTF
Z we find

HZ (Z) ≥
Z∑

i=1

(−1

2
∆i −ΦTF

Z (xi))−
1

2

∫∫
ρTF

Z (x)ρTF
Z (y)

|x − y | dxdy −CZ7/4.

While the upper bound EQ
Z (N) ≤ ERHF

Z (N) was simple. The
corresponding bound for the Mean-Field TF is not and is beyond the
scope of these lecture notes. We will simply state here:
If Ψ is a neutral atomic ground state then

〈Ψ,HZ (Z)Ψ〉 ≤ Tr [−1

2
∆− ΦTF

Z (x)︸ ︷︷ ︸
HTF

Z,mf

]−−
1

2

∫∫
ρTF

Z (x)ρTF
Z (y)

|x − y | dxdy+CZ5/3.

Understanding this is related to calculating the trace as a semiclassical
approximation. We will do that next, but not give all the details.
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The Semiclassical Approximation
We consider the TF Mean-Field operator

HTF
Z ,mf = −1

2
∆− ΦTF

Z (x) = −1

2
∆− Z4/3ΦTF

1 (Z1/3x).

If we rescale x → Z−1/3x , i.e., perform the unitary transform
(UZ f )(x) = Z1/2f (Z1/3x) we see that HTF

Z ,mf is unitarily equivialent to
the operator

U∗
Z HTF

Z ,mfUZ = −1

2
Z2/3∆−Z4/3ΦTF

1 (x) = Z4/3

(
−Z−2/3 1

2
∆− ΦTF

1

)
We recognize a semiclassical operator with h = Z−1/3

−Z−2/3 1

2
∆− ΦTF

1 = −1

2
h2∆− ΦTF

1
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We have the following semiclassical approximation with a Weyl term
and a Scott correction.

Tr [−1

2
h2∆− ΦTF

1 ]− =2(2πh)−3

∫∫
(
1

2
p2 − ΦTF

1 (x))−dpdx +
1

2
h−2

+ o(h−2)

=− 25/2

15π2h3

∫
(ΦTF

1 (x))5/2dx +
1

2
h−2 + o(h−2).

We conclude that

Tr [HTF
Z ,mf]− = − 25/2

15π2
Z7/3

∫
(ΦTF

1 (x))5/2dx +
1

2
Z2 + o(Z2)

To prove the upper bound above one needs to show this with an error
O(Z5/3) and that a semiclassical approximation of the projection onto
the negative eigenvalues of HTF

Z ,mf is a good trial γ for RHF.
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The Energy Approximation
If we insert the expression for ΦTF

1 in terms of the density from the
Thomas-Fermi Equation we end up with the energy approximation

EQ
Z (Z) = Z7/3ETF

1 (1)︸ ︷︷ ︸
ETF

Z (Z)

+
1

2
Z2︸︷︷︸

Scott

+o(Z2).

The leading term was proved by Lieb-Simon and the Scott correction
was originally established rigorously by Siedentop-Weikard, and Hughes
(lower bound). A much more involved (approximately 1000 pages) by
Fefferman-Seco that involves understanding the exchange term (see
also Bach and Graf-Solovej) gives

EQ
Z (Z) = Z7/3ETF

1 (1) +
1

2
Z2 + CDSZ5/3 + o(z5/3).

DS=Dirac-Schwinger who contributed to the less rigorous analysis of
this term.
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Summary of models

• Model Q: EQ
Z (N) = infΨ, |Ψ‖=1〈Ψ,HZ (N)Ψ〉

HZ (N) =

N∑
i=1

(−1

2
∆i − Z |xi |−1) +

∑
1≤i<j≤N

|xi − xj |−1

• Model HF: EHF
Z (N) = inf0≤γ≤1, Tr γ=N EHF

Z (γ).

EHF
Z (γ) = ERHF

Z (γ)− Eex(γ)

• Model RHF: ERHF
Z (N) = inf0≤γ≤1, Tr γ=N ERHF

Z (γ)

ERHF
Z (γ) = Tr [(−1

2
∆− Z |x |−1)γ] +

1

2

∫∫
ργ(x)ργ(y)
|x − y | dxdy

• Model TF: ETF
Z (N) = inf0≤ρ, ∫ ρ=N ETF

Z (ρ)

ETF
Z (ρ) =

3

10
(3π2)2/3

∫
ρ5/3−

∫
Z |x |−1ρ+

1

2

∫∫
ργ(x)ργ(y)
|x − y | dxdy
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• Model TFMF (N = Z):

ETFMF
Z = inf

Ψ, |Ψ‖=1
〈Ψ,

Z∑
i=1

(−1

2
∆i − ΦTF

Z (xi))Ψ〉

− 1

2

∫∫
ρTF

Z (x)ρTF
Z (y)

|x − y | dxdy

Summary of Results:
• For # = Q, HF, RHF, TF we have that N 7→ E#

Z (N) is decreasing
and constant for N ≥ N#

c (Z) and N#
c (Z) ≤ 2Z + 1.

• For # =HF, RHF, N#
c (Z) ≤ Z+const. NTF

c (Z) = Z .
• For # =RHF,TF, N 7→ E#

Z (N) is strictly convex for N ≤ Nc(Z).
• ERHF

Z (N)− cZ7/4 ≤ EQ
Z (N) ≤ EHF

Z (N) ≤ ERHF
Z (N)

• EQ
Z (Z) = Z7/3ETF

1 (1) + 1
2Z2 + CDSZ5/3 + o(Z5/3)

• EQ
Z (Z) = ETFMF

Z + o(Z2)

HZ (Z) ≥
Z∑

i=1

(−1

2
∆i−ΦTF

Z (xi))−
1

2

∫∫
ρTF

Z (x)ρTF
Z (y)

|x − y | dxdy−CZ7/4
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Periodicity and Universality Results
We will next discuss results concerning periodicity and universality.
Result 1: Fermi’s Aufbau formula (this lecture): Let ΨZ be a
neutral Q ground state for atom Z and P` is the projection onto
angular momentum ` in L2(R3;C2). Consider the occupation
N`(Z) = Tr (P`γΨZ ). (Need not be an integer and may depend on Ψ.)
We get Fermi’s Formula for almost all λ ≥ 0

lim inf
Z→∞

`=dλZ1/3e

N`(Z)

Z2/3
=

4λ

π

∫ ∞

0
[2ΦTF

1 (r)− λ2r−2]
1/2
+ dr := 4λκ(λ).

Result 2: The radius of atoms in RHF (and HF) (next lecture) As
m → ∞

limZ→∞RHF
Z (m) = limZ→∞RRHF

Z (m) = RTF
∞ (1)m−1/3 + o(m−1/3)

Note we need to take lim inf = lim and lim sup = lim as we do not
expect convergence but periodicity.
Result 3: Periodicity in the TFMF model (August lecture Friday)
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Fermi’s Aufbau Formula
Before discussing the proof of Fermi’s Formula

lim inf
Z→∞

`=dλZ1/3e

N`(Z)

Z2/3
=

4λ

π

∫ ∞

0
[2ΦTF

1 (r)− λ2r−2]
1/2
+ dr := 4λκ(λ).

We note that it is different from what we would get from the Aufbau
principle or from hydrogen:

NAufbau
` (Z)Z−2/3 ≈ 4λ[61/3 − 2λ]+

NHydrogen
` (Z)Z−2/3 ≈ 4λ[(3/2)1/3 − λ]+.

All three asymptotic formulas satisfy∫ ∞

0
4λκ(λ)dλ = 1,∫ ∞

0
4λ[61/3 − 2λ]+dλ = 1,

∫ ∞

0
4λ[(3/2)1/3 − λ]+dλ = 1

as they should.
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Proof of Fermi’s Aufbau Formula
This is still unpublished joint work with August Bjerg, Søren Fournais,
and Peter Hearnshaw. We begin with the bound

Tr [γψZ (−
1

2
∆− ΦTF

Z )] ≤ Tr [−1

2
∆− ΦTF

Z )]− + o(Z2)

Using the spherical symmetry we may write

Tr [γψZ (−
1

2
∆− ΦTF

Z )] =

∞∑
`=0

Tr [P`γψZ P`(−
1

2
∆− ΦTF

Z )]

and likewise

Tr [−1

2
∆− ΦTF

Z )]− =

∞∑
`=0

Tr [P`(−
1

2
∆− ΦTF

Z )]−

Thus for each ` = 0, 1, . . .

Tr [P`γψZ P`(−
1

2
∆− ΦTF

Z )] ≤ Tr [P`(−
1

2
∆− ΦTF

Z )]− + o(Z2)
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The operator P`(−1
2∆− ΦTF

Z ) acting on the space P`L2(R3;C2) is
unitarily equivalent to the operator

−1

2

d2

dr2 − ΦTF
Z +

`(`+ 1)

2r2

acting on L2(R+;C2 ⊗ C2`+1). This is in turn unitarily equivalent to

Z4/3

[
−Z−2/3 1

2

d2

dr2 − ΦTF
1 +

`(`+ 1)

2Z2/3r2

]
.

We now use that `(`+ 1)Z−2/3 ≈ λ2 and we are left with analyzing
the operator

hλ,Z = −Z−2/3 1

2

d2

dr2 − ΦTF
1 +

λ2

2r2 .

Note this is again a semiclasical problem with h = Z−1/3 now in 1
dimension. The Weyl law gives

Tr [hλ,Z ]− = −2(2`+1)
1

3π

∫ ∞

0
[2ΦTF

1 (r)−λ2r−2]
3/2
+ dr(h−1+o(h−1)).
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We conclude that

Tr [P`(−
1

2
∆−ΦTF

Z )−] = −Z24λ
1

3π

∫ ∞

0
[2ΦTF

1 (r)−λ2r−2]
3/2
+ dr+o(Z2).

We do not really care about this value only that it is of order Z2.
We can also determine the number of negative eigenvalues of hλ,Z :

Tr [1hλ,Z<0] =2(2`+ 1)
1

π

∫ ∞

0
[2ΦTF

1 (r)− λ2r−2]
1/2
+ dr(h−1 + o(h−1))

=4λ
1

π

∫ ∞

0
[2ΦTF

1 (r)− λ2r−2]
1/2
+ dr(Z2/3 + o(Z2/3)).

This however does not allow us to show that N`(Z) = Tr [P`γΨ] is
close to this number. But it does allow us to conclude that it cannot
be much smaller. Since if it was much smaller we would not get the
energy to correct Z2 order. I.e., we find the lower bound

N`(Z)Z−2/3 = Tr [P`γΨ]Z−2/3 ≥ 4λ
1

π

∫ ∞

0
[2ΦTF

1 (r)−λ2r−2]
1/2
+ dr+o(1).
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To conclude the proof of Fermi’s Formula we observe that∑∞
`=0 N`(Z) = Z . Thus by Fatou

1 = lim inf
Z→∞

∞∑
`=0

Z−1N`(Z) ≥
∫

lim inf
Z→∞

Z−2/3N`=λZ1/3(Z)dλ,

and that finishes the proof when we recall that∫ ∞

0
4λκ(λ)dλ = 1.

Historical remark: Fermi derived this formula in a paper published as
part 2 of a 4 paper series in 1927. Paper 1 of the series is where he
introduced the Thomas-Fermi model. Fermi also calculated κ(λ)
numerically and realized that it did not quite agree with the periodic
table of the elements.
Interestingly there is another potential ΦT

Z introduced by Tietz that
does reproduce the asymptotic Aufbau formula in the semiclassical limit.
This is often referred to in the chemistry literature as the theoretical
explanation of the Madelung rule. This of course does not make much
sense as we have just proved that the Madelung rule fails in this limit.
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