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Solutions of ODEs/PDEs with low regularity vector elds

Consider,

‘Transport equation: @ +ur = 0;‘

and

‘Continuity equation: @ +r (u) :0:‘

A corresponding Lagrangian point-of-view gives rise to stem of ODEs:

(3—):: u(t; x); with x (0) = Xq:

We are interested in studying solutions of these equatiomemu
I is divergence-freer u =0,
I belongs toSobolev spac®/,'P, 1 p<1.



Motivation

I In uid ows, the transport and continuity equations are usilg
coupled with equations of dynamics. Therefore, a deep
understanding of these equations is useful while congidettie full
coupled system.

I In many real situations, for example, supersonic ows theoeitly
elds are generally not smooth.

I In the case of Sobolewy{*P) vector elds (DiPerna{Lions'89) and
vector elds of bounded variation (BV) (Ambrosio'04), it isgssible
develope a theory with a very natural notions of solutions.

I Several new ow designs, potentially useful in problemsied to
mixing, optimal transport and anomalous dissipation.

I To gain insight in the convex integration technique.
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whereu : [0;T] T9! RYis a vector eld.

I u is Lipschitz continuous ClassicalCauchy{Lipschitz theory .

I u_is SobolewvP: DiPerna{Lions theory .




Background

De nition (Trajectory)

We say ¢ :[0;T]! TYis a trajectoryif ! is absolutely continuous,!
solves the ODEi.e., _(t)= u(t; Y(t)) 8t2[0;T]and Y(0)= x.

dy® w
a8 — q(t, (1))



Background

De nition (Flow map)

AmapXU:[0;T] T9! T9is called a ow map iffor L 9-a.e.
x 2 T9, XU(;x):[0;T]! TYis a trajectory starting fromx.

X*(T, z)
X*(0,z)
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A result regarding the nonuniqueness of trajectories

Question(Alberti'12)

Are therecontinuous Sobolev vector eldfor which nonregular
Lagrangian ow exist?



A simple remark

Existence of Nonregular Lagrangian ow ( Nonuniqueness of a set of positive measur+




Previously known results

Theorem (Fe erman, Pooley & Rodrigo'21)

There exists a velocity elds 2 L9([0; 1]; W %P), uniformly continuous,
divergence-free such that the set of initial condition witlonunique
trajectories is of full Hausdor dimension but of measurerae



Previously known results

Theorem (Brue, Colombo & De Lellis'21)

Ford 2 there is a divergence-free vector eld

u2C(0;T]: WP\ LS) forp<d ands < 1 such that the setS of
initial conditions for which the trajectories are not unigus of positive
Lebesgue measure. In particular, Nonregular Lagrangian eust.



Previously known results

Flow Map

Regular Lagrangian flow Nonregular Lagrangian flow



Previously known results

Theorem (Caravenna & Crippa'l6)

If p>d andu 2 C([0; T];WLP) is a vector eld with bounded
divergence then there is a unique ow map which is regular raagian
ow.



Previously known results

If the vector eld u 2 C([0; T]; WYP) with p > d then

Flow Map

Regular Lagrangian flow Nonregular Lagrangian flow



Present results: |

Theorem (K'23)

Foranyl p<1 and0O< < 1, there exist a weakly divergence-free
autonomous vector eldu 2 WP(R3;R3)\ C (R3;R?) with

suppu  Bg(0), whereR > 0, such that the setS of initial conditions

X o With nonunique trajectories to the associated ODE has theusidor
dimensiondimy S = 3.



Present results: |

Theorem (K'23)

Foranyl p<1 and0O< < 1, there exist a weakly divergence-free
autonomous vector eldu 2 WP(R3;R3)\ C (R3;R?) with

suppu  Bg(0), whereR > 0, such that the setS of initial conditions

X o With nonunique trajectories to the associated ODE has theusidor
dimensiondimy S = 3.

Approach: The constructions are based on a simple example of 1D ODE:

% = jzj where0< < 1:



A 2D construction

An extension in two dimensions:

u, =1
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An extension in two dimensions:

u, =1

log(i +3) -,



A 2D construction

An extension in two dimensions:

u, =1

[l
AU R
=
m'u;?

=

log(i +3)

i=1




A 3D construction

An extension in three dimensions:

R
S AN



Present results: I

Theorem (K'23, unsteady case)

For every integed 2andeveryl p<d,0< < landT >0,
there exists a divergence-free vector eld

u2C(o;T;WIP(TY R\ C ([0;T] T9RY) such that the set of
initial conditions for which trajectories are not unique asfull measure
set. In particular, Nonregular Lagrangian ow exist.

Theorem (K'23, steady case)

For every integed 3andeveryl p<d 1landO< < 1, there
exists a divergence-free vector eld® 2 WIP(T4:R9)\ C (TY;RY)
such that the set of initial conditions for which trajectes$ are not unique
is a full measure set. In particular, Nonregular Lagrangiamw exist.



Cantor Set

Approach: We build a vector eldu such that

d
1+

XU(T;TY C and dimy C = <d:

1 _ 1
o= 2(1+v)

Figure: An illustration of the construction process of the Cantor $eC in two

dimensions. 1
“n —

T 0+ )n
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Main ideas behind the proof
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Nonuniqueness of solutions of the continuity equation

Joint work with E.-Bruie and M. Colombo

I The continuity equation:
@ +r (u)=0:

I Is it possible to construct a Sobolev vector eld for which tleeds a
nonuniqueness in the class bf solutions?



Present results: Il

Theorem (! solutions; Brie, Colombo, K'24)

For every integed 2andeveryl p<d,0 < gandT >0,
there exists a divergence-free vector eld

u2 C(o;T;WEP(TE: R\ C ([0;T] T9;RY) such that there is a
solution 2 C,([0; T];LY(TY)) of the continuity equation with initial
condition ™ (0; ) 1 such that at some later timél, (T; )= ©ut,



Nonuniqueness &f* solutions

Time series:
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Time series:




Nonuniqueness af* solutions

Time series:

for i2 N and 1 =1:

_ it ina
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Nonuniqueness af* solutions
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Nonuniqueness af* solutions

]

—_—

Breaking the cubes

| = Tk

=

/

Moving the cubes |

Performing this breaking is a smaller version of the original problem



Nonuniqueness af* solutions

The vector eld: We look for a xed point in the relatiorv = F(v),
where

8 +
VPP if t2 g
% t 2 I

i+l i i+l i

P N mid i . h h :
§ s2S; 21 Vv 21(, t);X l‘:| (S) |f t2 i; |+2|+1

We show thatF is a contraction in

B=1fv2CW{P\ C.jv(0; )= 0;v(1;)= Og:



Nonuniqueness af* solutions

The density eld: We look for a xed point in the relation = G( ),
where

8 +
if t2 %; i+1
% t 2 I
G()=

i+l i

bb
i
P . mid i h I
d 21 (§ t).x P'(s . it i
§ s25 2% = RS t2

We show thatG is a contraction in

C=f 2L{Lg\ LipW, ") (0;)= % (1:)= "g



Nonuniqueness af* solutions

A gure explaining how the explicit de nition is fed to the wdle time
interval [ 1; 1 ] during the xed point iteration.

(a) | ——
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Density Plots
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Density Plots
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Nonuniqueness of solutions of the continuity equation i
L' class



Known results

Theorem (Brwe, Colombo & De Lellis'21)

Ford 2 letu 2 C([0;T];WEP\ LS) with divu 2 L . Then in the
class 2 L! ([0;T];L") there is a unique solution to the continuity
equation if

+ <1+ =2

} 11
r rd

Tl




Known results

Theorem (Brwe, Colombo & De Lellis'21)

Ford 2 letu 2 C([0;T];WEP\ LS) with divu 2 L . Then in the
class 2 L! ([0;T];L") there is a unique solution to the continuity
equation if

+ <1+ =2

} 11
r rd

Tl

Theorem (Brue, Colombo & De Lellis'21)

Starting with a constant density, there exists a divergericee vector
eld u 2 C([0; T];WLP\ L3) and a nonconstant density solution
2 L1 ([0;T]; L") if the exponents obey




Present results: 1V

Theorem (" solutions; Brwe, Colombo, K'24.)

For every integed 2andeveryl p<d,0 < gandT >0,
there exists a divergence-free vector eld2 C([0; T]; WL1P(T9;R%))
such that there is a solution 2 C,,([0; T];L"(T%)) of the continuity
equation with initial condition ™ (0; ) 1 such that at some later time
T, (T;)= °" for the exponents that obey

1 11
+ =
r

> 1+ ——:
rd

Tl




Density EvolutiorL." case
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Evolution of the density eld
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Density EvolutiorL." case
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Density Plot




Fixed-point argument

I Just like theL! case, we are interested in de ning xed-point
relationsu = F(u) and = G( ) for the construction of the
velocity eld and the density eld.

I However, the proceeding in a similar way becomes very ahgilheg
because of the more complicated division of the time intéif@al].

I We take a di erent approach and consider a sequence of irenit
problems consisting ofu;; ).

I We de ne xed point relations of type:
fuigion = F(fuigian)  f idian= G(f igian):
I We look for a contraction in the following spaces:
fuigizn 2 1 N; C([0; 1; WP (RY; RY))

and

figizn2 Y N;LY ([0;1L"(RY) :



Two dimensional incompressible Euler equation



Two dimensional incompressible Euler equation

We consider,

@u+dviu u)+rp=0
divu=0

on T2,



Two dimensional incompressible Euler equation

We consider,

@u+dviu u)+rp=0
divu=0

on T2,

Nonuniqueness result:

Theorem (Brwe, Colombo, K.'24)

There existgyo > 1 such that for anyl p < po there exists at least two
weak solutionss 2 C([0; 1];L?(T?)) of the Euler equation with vorticity
r  u2 C([0;1];LP(T?)) starting with the same initial condition

Uo 2 L2(T?).



Convex Integration Method

Euler{Reynolds system:

@uq + div(ug  ug)+ r pg = div(Rg);
divug =0;
New ow:
Uq+]_ = UQ + Wq+]_:
Perturbation:
X
Wg+1 = ag(RYW ., ; W .., ! Building block

1=2 1=2 .
qu+1 kLtl L2 g+l s kr Wq+1 kLtl LP g+l s qu+1 kLtl L1 g+l -

Parameters:

ol = g (frequency), a= q (error).



Building blocks

Beltrami Flows

Mikado Flows Intermittent Jets



Thank you.



